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THE DEPTH STRUCTURE OF MOTIVIC MULTIPLE ZETA
VALUES
JIANGTAO LI
Abstract. In this paper, we construct some maps related to the motivic Galois
action on depth-graded motivic multiple zeta values. From these maps we give
some short exact sequences about depth-graded motivic multiple zeta values in
depth two and three. In higher depth we conjecture that there are exact sequences
of the same type. We will show from three conjectures about depth-graded motivic
Lie algebra we can nearly deduce the exact sequences conjectures in higher depth.
At last we give a new proof of the result that the modulo ζm(2) version motivic
double zeta values are generated by the totally odd part. We reduce the well-
known conjecture that the modulo ζm(2) version motivic triple zeta values are
generated by the totally odd part to an isomorphism conjecture in linear algebra.
1. Introduction
The multiple zeta values are defined by convergent series
ζ(n1, ..., nr) =
∑
0<k1<···<kr
1
kn11 · · · k
nr
r
, (n1, ..., nr−1 > 0, nr > 1).
Multiple zeta values play important roles in many fields. For ζ(n1, ..., nr), N =
n1 + · · · + nr and r are called its weight and depth respectively. Let Z0 = Q and
ZN the space of Q-linear combinations of multiple zeta values of weight N . Then
it’s clear that
Z =
+∞⊕
N=0
ZN
is a graded commutative algebra over Q.
In [5], Brown defined the motivic multiple zeta values by using an idea of Gon-
charov [12]. Motivic multiple zeta values satisfy the double shuffle relations [16],
[19], [21], and there’s a motivic Galois action on them. Their elements are Q-linear
combinations of motivic multiple zeta values ζm(n1, ..., nr). What’s more, there is a
surjective graded algebra homomorphism:
η : H → Z
ζm(n1, ..., nr)→ ζ(n1, ..., nr)
In [5], Brown proved a conjecture of Hoffman (Conjecture C in [15]) in multiple
zeta values by using the motivic Galois action on motivic multiple zeta values. So
the study of motivic multiple zeta values is helpful to understand the structure of
multiple zeta values.
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There is a depth filtration on H. For motivic multiple zeta value ζm(n1, ..., nr),
we call r its depth. Denote by DrH the space of Q-linear combinations of motivic
multiple zeta values of depth ≤ r. Define
grDr H = DrH/Dr−1H.
In [2], Broadhurst and Kreimer proposed a conjecture about the depth structure
of multiple zeta values. In the motivic setting, Brown proposed the following motivic
Broadhurst-Kreimer conjecture in [4].
Conjecture 1.1. (Broadhurst-Kreimer-Brown) Denote by grDr HN the weight N part
of grDr H, then
1 +
∑
N,r>0
dimQ(gr
D
r HN)x
Nyr =
1 + E(x)y
1−O(x)y + S(x)y2 − S(x)y4
,
where
E(x) =
x2
1− x2
, O(x) =
x3
1− x2
, S(x) =
x12
(1− x4)(1− x6)
.
The case r = 2 is a consequence of the work of Gangl, Kaneko, Zagier [11], a
special case of the parity results about double shuffle relations which was firstly
discovered by Euler and some basic facts about motivic multiple zeta values. The
case r = 3 is known due to the work of Goncharov [13], [14]. The higher depth cases
remain unknown.
If n1, ..., nr ≥ 3 and all of them are odd numbers, then we call the motivic multiple
zeta value ζm(n1, ..., nr) totally odd. Denote by gr
D
r A
odd the image of Q-linear
combinations of totally odd motivic multiple zeta values of depth ≤ r in grDr H
modulo (ζm(2))∩grDr H. In [4], Brown proposed the following uneven part of motivic
Broadhurst-Kreimer conjecture.
Conjecture 1.2. (Brown) Denote by grDr A
odd
N the weight N part of gr
D
r AN , then
1 +
∑
N,r>0
dimQ(gr
D
r A
odd
N )x
Nyr =
1
1−O(x)y + S(x)y2
.
In Conjecture 1.1 and Conjecture 1.2, the series E(x) and O(x) have geometric
explanations that they are the generating series of the dimension space of even
and odd single zeta values respectively. While S(x) is the generating series of the
dimension space of the cusp forms of SL2(Z).
Since each term in Conjecture 1.1 and Conjecture 1.2 has a geometric explanation,
we believe that there are some inner structures behind Conjecture 1.1 and Conjecture
1.2. The main purpose of this paper is trying to understand these structures behind
Conjecture 1.1 and Conjecture 1.2.
In fact, we have
Theorem 1.3. For r = 2, there is an exact sequence
0→ grD2 A
odd ∂˜−→ grD1 A
odd ⊗ grD1 A
odd v−→ P
∨
→ 0.
In the above short exact sequence, P denotes the restricted even period polynomial
space which will be explained in detail later, P
∨
denotes its weight dual vector space
(taking dual in each weight). The definitions of the maps involved will be given in
the next section.
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The injectivity of ∂˜ follows from taking dual. The relation between the free
lie algebra generated by two words with Ihara bracket and even restricted period
polynomials was first discovered by Ihara and Takao [17]. The exactness of the
middle part follows from the main result of Schneps [20] and the fact grD2 A
odd =
grD2 A. So the exact sequence we have established provides an explanation of the
relation between the work of Gangl, Kaneko, Zagier [11] and Schneps [20].
In [18], Fei Liu and the author established a short exact sequence for the subspace
generated by the images of ζm(r,N − r), where 3 ≤ r ≤ N − 2, odd in grD2 HN for
N ≥ 5, odd. Theorem 1.1 in [18] is similar to Theorem 1.3 but the term which
involves period polynomial becomes more complicated.
Inspired by Theorem 1.3, for r ≥ 3, we construct the maps ∂˜ : grDr A
odd →
grD1 A
odd ⊗ grDr−1A
odd and D : grD1 A
odd ⊗ grDr−1A
odd → P
∨
⊗ grDr−2A
odd. We propose
the following conjecture
Conjecture 1.4. For r ≥ 3, there is an exact sequence
0→ grDr A
odd ∂˜−→ grD1 A
odd ⊗ grDr−1A
odd D−→ P
∨
⊗ grDr−2A
odd → 0.
We will show that why this conjecture should be true by analyzing the structure
of the depth-graded motivic Lie algebra. We will prove that
Theorem 1.5. (i)For r = 3, the map ∂˜ is injective and the map D is surjective.
(ii)For r ≥ 3, assuming three conjectures about depth-graded motivic lie algebra,
there will be an exact sequence
0→ grDr A
odd ∂˜−→ grD1 A
odd ⊗ grDr−1A
odd D−→ P
∨
⊗ grDr−2A
odd → 0.
The three conjectures (non-degenerated conjecture, vanishing conjecture and sur-
jective conjecture) involved will be given in Section 4.
What’s more we will show the relationship between the results of Tasaka and
Theorem 1.5. Thus we provide a geometric explanation of the linear map constructed
by Tasaka in [22].
Denote by A = H/(ζm(2)) and
grDr A = gr
D
r H/(ζ
m(2)) ∩ grDr H
we can construct the map ∂˜g : gr
D
r A → gr
D
1 A
odd ⊗ grDr−1A and the map Dg :
grD1 A
odd ⊗ grDr−1A → P
∨
⊗ grDr−2A the same way as ∂˜ and D respectively.
Then we have the following theorem
Theorem 1.6. (i)For r = 2, there is an exact sequence
0→ grD2 A
∂˜g
−→ grD1 A
odd ⊗ grD1 A
vg
−→ P
∨
→ 0.
(ii)For r = 3, there is an exact sequence
0→ grD3 A
∂˜g
−→ grD1 A
odd ⊗ grD2 A
Dg
−→ P
∨
⊗ grD1 A → 0.
It’s easy to show that grDr A
odd = grDr A for r = 1, 2 from the results of [5], [11], [21].
The motivic Broadhurst-Kreimer conjecture (Conjecture 1.1) and its uneven part
conjecture (Conjecture 1.2) suggest that grDr A
odd = grDr A should also hold for r = 3.
The proof of Theorem 1.6 (ii) is mainly from the result of Concharov [14].
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Furthermore we propose the following conjecture which shows the existence of a
long exact sequence in general case:
Conjecture 1.7. For r ≥ 4, there is an exact sequence
0→ P
∨
⊗ grDr−4A → gr
D
r A → gr
D
1 A
odd ⊗ grDr−1A → P
∨
⊗ grDr−2A → 0.
The first map is not clear enough at present. It should have connection with
the exceptional elements which are constructed by Brown in [4] if the exceptional
elements are motivic.
The following theorem shows the importance of the non-degenerated conjecture
to tackle Conjecture 1.7.
Theorem 1.8. Assuming the non-degenerated conjecture for all r ≥ 3, then there
is an exact sequence for each r ≥ 3.
grDr A
∂˜g
−→ grD1 A
odd ⊗ grDr−1A
Dg
−→ P
∨
⊗ grDr−2A → 0
From Conjecture 1.7 we can deduce the motivic Broadhurst-Kreimer conjecture
easily. Furthermore, if Conjecture 1.7 is true, from the analysis of Enriquez and
Lochak [10], we will know the structure of the depth-graded motivic lie algebra and
its Lie algebra homology in each weight and depth.
The category equivalence between finite dimensional nilpotent lie algebra and
unipotent algebraic group in characteristic 0 plays a key role in the proofs of our
main results. So we give a short introduction in section 3.
We point out that if we can find an injective map j : P
∨
⊗ grDr−4A → gr
D
r A
for each r ≥ 4 such that Im j ⊆ Ker ∂˜, then Conjecture 1.7 will follows from the
non-degenerated conjecture since the dimension of A in each weight is known by the
work of Brown [5].
The last section of this paper is devoted to the study of totally odd motivic
multiple zeta values in depth 2 and 3. Using the work of Baumard and Schneps [1]
we prove that grD2 A
odd = grD2 A. This statement can also be proved by using the fact
that motivic double zeta values satisfy double shuffle relations and main theorems
in [11]. In depth three, we show that a surjective conjecture proposed by Tasaka in
linear algebra is suffice to deduce grD3 A
odd = grD3 A.
In this paper all the dual vector space means compact dual (linear functional
whose support is finite dimension). Since motivic multiple zeta values satisfy double
shuffle relations [16], [19], [21]. Any statement holds for the classical multiple zeta
values which is deduced only by double shuffle relations also holds for the motivic
multiple zeta values.
2. Motivic Galois action
In this section we will define all the maps involved in the short exact sequence in
section 1. These maps essentially come from the Galois action of motivic fundamen-
tal group of mixed Tate motives. The main references of this section are [4], [7], [9].
Denote by MT (Z) the category of mixed Tate motives over Z. Let π1(MT (Z))
its de-Rham fundamental group. From [9], we have
π1(MT (Z)) = Gm ⋉ UdR.
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Where the subgroup UdR is pro-unipotent and its graded Lie algebra (respective to
the action of Gm) is isomorphic to the free graded Lie algebra with one generator
σ2n+1 in every negative degree −(2n+ 1), n ≥ 1.
Let 0Π1 be the De-Rham realization of the motivic fundamental groupoid from−→
1 0 to
−→
−11 (the tangent vector
−→
1 at 0 and the tangent vector
−→
−1 at 1). Its function
ring over Q is isomorphic to
O(0Π1) ≃ Q〈e0, e1〉,
where Q〈e0, e1〉 is equipped with the shuffle product. O(0Π1) has a coaction from
the function ring O(UdR).
Denote by dch ∈ 0Π1(R) the de-Rham image of the straight line from 0 to 1. It
determines a homomorphism
dch : O(0Π1) −→ R.
Let ωe0(t) =
dt
t
, ωe1(t) =
dt
1−t
. For any word u1 · · ·uk in e
0, e1, if ǫ, η → 0, it’s easy to
check that∫
ε<t1<···<tk<1−η
ωu1(t1) · · ·ωuk(tk) = P (log(ε), log(η))+O
(
sup(ε|log(ǫ)|A + η|log(η)|B)
)
,
where P is a polynomial. Then we have dch(u1 · · ·uk) = P (0, 0).
Let I ⊆ O(0Π1) be the kernel of dch. Denote by J
MT ⊆ I be the largest graded
ideal contained in I which is stable under the coaction of O(UdR).
Define H = O(0Π1)/J
MT and the image of the word
e1 e0...e︸ ︷︷ ︸
n1−1
0e1...e1 e0...e︸ ︷︷ ︸
nr−1
0
as ζm(n1, ..., nr).
From the work of Brown [5], we know that the elements of H are Q-linear combi-
nations of ζm(n1, ..., nr). The motivic multiple zeta values satisfy the usual double
shuffle relations [16], [19], [21].
Denote by xΠy the de-Rham realization of motivic torsor of paths on P1\{0, 1,∞}
from x to y where x, y ∈ {
−→
1 0,
−→
−11}. For convenience we write
−→
1 0,
−→
−11 as 0, 1
respectively. Denote by G the group of automorphisms of the groupoid xΠy for
x, y ∈ 0, 1 which respect to the following structures:
(1) (Groupoid structure) The multiplication maps
xΠy × yΠz → xΠz
for all x, y, z ∈ {0, 1}.
(2) (Inertia) The automorphism fixes the elements
exp(e0) ∈ 0Π0(Q), exp(e1) ∈ 1Π1(Q),
where e0, e1 respectively denotes the differential
dz
z
, dz
1−z
.
Then by Proposition 5.11 in [9], we know that xΠy is an G-torsor. Since the
groupoid and inertia structures are preserved by UdR, we have a morphism
ϕ : UdR → G ≃ 0Π1.
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By the main results of [5], ϕ is injective. Denote by g the corresponding Lie
algebra of UdR, we have an injective map on Lie algebra
i : g→ LieG ≃ (L(e0, e1), { , }).
Where L(e0, e1) is isomorphic to the free Lie algebra generated by e0, e1 as a vector
space, but its Lie algebra bracket is given by the Ihara bracket [9], [20].
Denote by h = (L(e0, e1), {, }) for convenience and we define a decreasing depth
filtration on h by
Drh = {ξ ∈ h | dege1 ξ ≥ r}.
From The´ore`me 6.8(i) in [9], we know that i(σ2n+1) = (ad e0)
2n(e1)+ terms of degree
≥ 2 in e1. So g has an induced depth filtration. Since the Ihara bracket { , } is
compatible with the depth filtration,
dg = gr•g = ⊕r≥1D
rg/Dr+1g
is also a Lie algebra with the induced Ihara bracket.
Denote by DrH the space of Q-linear combinations of elements of the form
ζm(n1, · · · , ns), s ≤ r. Let gr
D
r H = DrH/Dr+1H and A = H/ζ
m(2)H, then there is
an induced depth filtration on A which is defined by
DrA = DrH/ζ
m(2)H ∩DrH.
Define grDr A = DrA/Dr+1A. Denote by gr
D
r A
odd the Q-linear subspace of grDr A
spanned by the natural image of
ζm(n1, · · · , nr), n1, · · · , nr ≥ 3, odd
in grDr A. For n1, · · · , nr ≥ 3, odd, ζ
m(n1, · · · , nr) is called totally odd motivic
multiple zeta value.
From Proposition 10.1 in [4], the action of lie algebra g on DrA
odd/Dr−1A factors
through its abelianization gab, so for n ≥ 1, there is a well-defined derivation
∂2n+1 : gr
D
r A
odd → grDr−1A
odd
which corresponds to the action of σ˜2n+1 ∈ g
ab
Here we give the definition of restricted even period polynomials.
Definition 2.1. For N ≥ 3, the restricted even period polynomial of weight N is
the polynomial p(x1, x2) of degree N − 2 which satisfies
(i) p(x1, 0) = 0, i.e. p is restricted;
(ii) p(±x1,±x2) = p(x1, x2), i.e. p is even;
(iii) p(x1, x2) + p(x1 − x2, x1)− p(x1 − x2, x2) = 0.
Denote by PN the set of even restricted period polynomials of weight N .
Since the action of Lie G on O(0Π1) is compatible with the depth filtration of
O(0Π1), we have the following proposition:
Proposition 2.2. If
p =
∑
s+t=N,s,t≥0
ps,tx
s−1
1 x
t−1
2
is a restricted even period polynomial, then we have
(i) For a fixed pair r, s ≥ 3, if at least one of them is even, then pr,s = 0.
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(ii) By (i), the map ∑
s+t=n
ps,t∂s ◦ ∂t : gr
D
r A
odd → grDr−2A
odd
is well-defined and we have ∑
s+t=n
ps,t∂s ◦ ∂t = 0.
Proof: (i) follows immediately from Definition 2.1. (ii) follows from that∑
s+t=N
ps,t{i(σs), i(σt)} ≡ 0
modulo depth 3 elements of L(e0, e1), the fact that the action of Lie G on O(0Π1)
is compatible with the depth filtration and the even restricted period polynomial is
anti-symmetry. While the formula∑
s+t=N
ps,t{i(σs), i(σt)} ≡ 0
modulo depth 3 elements of L(e0, e1) follows from Corollary 4.2 in [20]. 
Definition 2.3. We construct a map
∂˜ : grDr A
odd → grD1 A
odd ⊗ grDr−1A
odd
by
∂˜(ζm(n1, ..., nr)) =
∑
nodd,n≥3
ζm(n)⊗ ∂n(ζ
m(n1, ..., nr)).
Essentially the map ∂˜ is induced from the coaction of O(UdR) on the modulo
ζm(2) version motivic multiple zeta values. The map ∂˜ is the depth-graded version
of the coaction of Lie coalgebra g
∨
on the motivic multiple zeta values (modulo ζm(2)
version) restriced to the totally odd part. See Subsection 3.1 in [5] for the coaction
of the Lie coalgebra g
∨
on motivic multiple zeta values.
The explicit formula of ∂˜ was given by the formula (4.4) in [22]. By definition
and the motivic action of g, the operator ∂˜ preserves the weight.
Definition 2.4. Denote
P
∨
=
⊕
N≥3
P
∨
N ,
where P∨N is the dual vector space of PN , elements of P
∨
N are called weight N elements
of P
∨
.
Now we construct a map
v : grD1 A
odd ⊗Q gr
D
1 A
odd → P∨
such that v(ζm(n1)⊗ζ
m(n2)) is a linear functional whose value at p =
∑
pn1,n2x
n1−1
1 x
n2−1
2 ∈
P is pn1,n2. By definition v is surjective.
Next we construct a map for r ≥ 3
D : grD1 A
odd ⊗Q gr
D
r−1A
odd → P
∨
⊗ grDr−2A
odd
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such that
D = (v ⊗ idgrDr−2Aodd) ◦ (idgrD1 Aodd ⊗ ∂˜).
We will write D = (v ⊗ id) ◦ (id⊗ ∂˜) for convenience.
3. Nilpotent Lie algebra and unipotent algebraic group
In this section we will give a short introduction to the category equivalence be-
tween nilpotent Lie algebras and unipotent algebraic groups. All the results in this
section are well-known. The main reference for this section is [8].
Let a be a finite dimensional nilpotent Lie algebra over Q, its universal enveloping
algebra Ua is the tensor algebra T (a) generated by a modulo the two-sided ideal of
T (a) generated by x⊗ y − y ⊗ x− [x, y], x, y ∈ a, where [ , ] is the Lie bracket of a.
Ua is a Q-algebra with unit element 1. Moreover, we can endow Ua with a Hopf
algebra structure by the following maps
∆ : x 7→ x⊗ 1 + 1⊗ x, S : x 7→ −x, ǫ : x 7→ 0
for all x ∈ a. Denote by O = (Ua)
∨
the compact dual of Ua. The elements of
(Ua)
∨
are the linear functional of Ua with finite dimensional support. Then O is
a Hopf algebra with commutative multiplication since the comultiplication of Ua is
cocommutative.
It’s well-known that the above construction gives a category equivalence from
the category of finite dimensional nilpotent lie algebras over Q to the category of
Hopf algebra of unipotent algebraic groups over Q. The category equivalence can
be generalized to the pro-unipotent case exactly the same way.
We will need the following result in the section 5.
Proposition 3.1. If A is a pro-unipotent algebraic group over Q with Lie algebra
a = LieA, then a has a natural action
s : a×O(A)→ O(A).
The following action of a
r : a× Ua→ Ua
(x, x1 ⊗ x2 ⊗ . . .⊗ xn)→ x⊗ x1 ⊗ x2 . . .⊗ xn
is well-defined and compatible with the action s.
Proof: Denote by △ : O(A)→ O(A)⊗QO(A) and ǫ : O(A)→ Q the comultiplica-
tion and counit map of the Hopf algebra O(A) respectively. Denote by I = Ker ǫ,
we view Q as the subspace of O(A) spanned by the unique unit element, then the
image of the map id − ǫ : O(A) → O(A) is contained in I. So we can define
id− ǫ : O(A)→ I/I2 as the map id− ǫ modulo I2.
By the classical results of linear algebraic group, we know that a = (I/I2)
∨
and
the map s is determined by the following map
((id− ǫ)⊗ id) ◦ △ : O(A)→ (I/I2)⊗O(A).
Since the comultiplication △ of O(A) is dual to the multiplication of Ua, taking
dual to the above map we have
r : a× Ua→ Ua,
(x, x1 ⊗ x2 ⊗ . . .⊗ xn)→ x⊗ x1 ⊗ x2 . . .⊗ xn.
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r is well-defined by the definition of Ua. 
Now we consider the simplest unipotent algebraic group Ga over Q as an example.
The Lie algebra a of Ga over Q is one dimensional Q-vector space Qx1 with trivial
Lie bracket. The universal enveloping algebra Ua is Ua ∼= Q[x1] with multiplication
xm1 × x
n
1 7→ x
m+n
1
and comultiplication
xn1 7→ (x1 ⊗ 1 + 1⊗ x1)
n =
n∑
k=0
(
n
k
)
xk1 ⊗ x
n−k
1 .
The function ring O(Ga) is O(Ga) ∼= Q[x1] with multiplication
(x1)p × (x1)q 7→
(
p+ q
p
)
(x1)p+q
and comultiplication
(x1)n 7→
n∑
k=0
(x1)k ⊗ (x1)n−k.
The action of a on Ua is
r : a× Ua→ Ua,
(x1, x
n
1 ) 7→ x
n+1
1 .
While the action of a on O(Ga) is
s : a×O(Ga)→ O(Ga),
x1 × (x
1)q 7→ (x1)q−1
for q ≥ 1.
Remark 3.2. Be ware that the ordinary differential of the polynomial ring Q[x] is
xn 7→ nxn−1.
But there is no contradiction since the multiplication rule of the ring O(Ga) ∼= Q[x1]
is not the ordinary one. The two differentials that look different will be the same
after suitably normalized.
4. Motivic Lie algebra
4.1. A non-degenerated conjecture. In this subsection we will propose a non-
degenerated conjecture in dg. This non-degenerated conjecture will play an impor-
tant role in proving Theorem 1.5(ii).
If V is a vector space, denote by Lien(V ) ⊆ V
⊗n the degree n part of the free lie
algebra generated by V . For n ≥ 2, define
α : P⊗ dg1 ⊗ · · · ⊗ dg1︸ ︷︷ ︸
n−2
→ Lien(dg1)
by
α :
∑
pr,sx
r−1
1 x
s−1
2 ⊗ σi1 ⊗ · · · ⊗ σin−2 7→
∑
pr,s[· · · [[σr, σs], σi1 ], · · · , σin−2 ]
where [ , ] is the formal lie bracket. Denote by β : Lien(dg1) → dgn the map that
replacing the formal Lie bracket by the induced Ihara bracket. Then we have
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Conjecture 4.1. (non-degenerated conjecture) For n ≥ 2, the following sequence
P⊗ dg1 ⊗ · · · ⊗ dg1︸ ︷︷ ︸
n−2
α
−→ Lien(dg1)
β
−→ dgn
is exact.
For n = 2, this follows from Corollary 4.2 in [20] since dg1 is the space of Q-linear
combinations of (ad e0)
2ne1, n ≥ 1 in h.
In [4] Brown introduce linearized double shuffle Lie algebra ls ⊆ h which is also
bigraded by weight and depth. By exactly the same method in [19] it can be shown
that
dg ⊆ ls.
By definition dg1 = ls1. For n = 3, from Theorem 2.6 in [14] we can deduce that
there is an exact sequence
0→ P⊗ ls1 → Lie3(ls1)→ ls3 → 0
Since dg ⊆ ls, dg3 = ls3 and Conjecture 4.1 is true for n = 3.
The general cases are still open.
4.2. Multiplication structure on universal enveloping algebra. From the
structure of h, we know that there is a natural isomorphism between the univer-
sal enveloping algebra of h which is denoted by Uh and Q〈e0, e1〉:
λ : Uh→ Q〈e0, e1〉.
as a Q-vector space. But when transformed to Q〈e0, e1〉, the multiplication structure
of Uh is not the usual concatenation product of Q〈e0, e1〉. The new multiplication
structure ◦ which transformed from Uh in some simple cases is calculated explicitly
in section 2 and section 6 of Brown [4]. We review some basic facts of Brown [4] for
convenience.
Denote by grrDQ〈e0, e1〉 the subspace of Q〈e0, e1〉 spanned by noncommutative
words in e0, e1 with exactly r occurrences of e1, then we have the following isomor-
phism (polynomial representation).
ρ : grrDUh −→ Q[y0, ..., yr]
ea00 e1e
a1
0 e1...e1e
ar
0 7−→ y
a0
0 y
a1
1 ...y
ar
r .
If x ∈ h, then λ(x) is the usual Lie polynomial of x in Q〈e0, e1〉.
If x1, x2 ∈ h and λ(x1), λ(x2) belong to gr
r
DQ〈e0, e1〉, gr
s
DQ〈e0, e1〉 respectively,
denote by ρ(λ(x1)) = f(y0, ..., yr) and ρ(λ(x2)) = g(y0, ..., ys), then
ρ(λ(x1) ◦ λ(x2)) =
s∑
i=0
f(yi, yi+1, ..., yi+r)g(y0, ..., yi, yi+r+1, ..., yr+s)
+ (−1)degf+r
s∑
i=1
f(yi+r, ..., yi+1, yi)g(y0, ..., yi−1, yi+r, ..., yr+s)
Remark 4.2. Be aware that the multiplication ◦ is not completely the same as the
multiplication ◦ defined by Brown in Definition 2.1 and Definition 6.2 in Brown [4].
The two operations coincide on h ⊆ Uh (Proposition 2.2 in Brown [4]). But in
general, ◦ satisfies the associative law while ◦ doesn’t.
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4.3. Totally odd and quasi-uneven. Since Q〈e0, e1〉 is dual to Q〈e0, e1〉 and A ∼=
O(UdR) is the dual space of Ug and all the depth structures are compatible, we have
grDr A
∼= grrDUg.
Denote by E the linear subspace of Q〈e0, e1〉 spanned by the following elements
e1 e0...e︸ ︷︷ ︸
2n1
0e1...e1 e0...e︸ ︷︷ ︸
2nr
0, n1, ..., nr ≥ 1
Since A is a quotient space of Q〈e0, e1〉, the image of E in A is exactly the modulo
ζm(2)A version of totally odd motivic multiple zeta values.
Definition 4.3. If x ∈ grrDQ〈e0, e1〉 and the polynomial representation ρ(x) can be
written as the form
ρ(x) = g1(y0, ..., yr)y0 + g2(y1, ..., yr)
where the coefficients of y2m11 y
2m2
2 · · · y
2mr
r , m1, ..., mr ≥ 1 in g2(y1, ..., yr) are all zero,
then we call x quasi-uneven.
It’s clear that all the quasi-uneven elements form a vector space. Furthermore, E
is the dual space of Q〈e0, e1〉 modulo quasi-uneven elements. So grDr A
odd is the dual
space of grrDUg modulo quasi-uneven elements. (Remember that Ug is a subalgebra
of Uh ∼= Q〈e0, e1〉 with new multiplication.)
Denote by γ : dg1 ⊗ · · · ⊗ dg1︸ ︷︷ ︸
n
→ grnDUg the natural map, we propose the following
conjecture
Conjecture 4.4. (vanishing conjecture) For n ≥ 3, there are no quasi-uneven ele-
ments in Im γ.
In [4], Brown defined uneven elements. But unfortunately uneven elements don’t
correspond to the totally odd motivic multiple zeta values directly. The space of
quasi-uneven elements contains the space of uneven elements. Furthermore, if Con-
jecture 3 in [4] and Conjecture 4.4 are both true, then the space of quasi-uneven
elements in grrDUg is the same as the space of uneven elements in gr
r
DUg.
Remark 4.5. In general, it should follow that the uneven and quasi-uneven spaces
coincide on the subspace of solutions of the linearized double shuffle equations.
Denote by γ˜ : dg1 ⊗ · · · ⊗ dg1︸ ︷︷ ︸
n
→ (grnDUg modulo quasi-uneven elements) the
natural quotient map of γ.
Conjecture 4.6. (surjective conjecture) For n ≥ 3, the map γ˜ is surjective.
Recall the map β : Lien(dg1)→ dgn, denote by dg
odd
n the dgn modulo quasi-uneven
elements and β˜ : Lien(dg1)→ dg
odd
n the natural quotient of β, we have
Theorem 4.7. For n ≥ 3, assuming Conjecture 4.1, Conjecture 4.4, Conjecture
4.6, there is an exact sequence
P⊗ dg1 ⊗ · · · ⊗ dg1︸ ︷︷ ︸
n−2
α
−→ Lien(dg1)
β˜
−→ dgoddn → 0
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The surjective conjecture is true for n = 3. Actually the map γ is surjective for
n = 3. From Theorem 2.6 in [14] we have ls3 are generated by ls1 via the Ihara
bracket { , }. Since dg1 = ls1, dg3 = ls3 and the map γ is surjective for n = 3.
The three conjectures in this section will play important roles for us to understand
Brown’s two conjectures (Conjecture 1.1, Conjecture 1.2).
5. The short exact sequences
In this section we will prove Theorem 1.3 and give partial results of Conjecture
1.4.
For r = 2, v is surjective by definition.
From Theorem 2 in [11] about formal symbols related to double shuffle relation,
we can deduce that grD2 A
odd = grD2 A. By taking dual, Im ∂ = Ker v follows from
Corollary 4.2 in [20], grD2 A
odd = grD2 A and Proposition 3.1.
While the injectivity of ∂˜ follows from the fact that the map with induced Ihara
bracket dg1⊗dg1 → dg2 : σr⊗σs 7→ {σr, σs} is suejective. So Theorem 1.3 is proved.
By the results in Section 2, we have the following lemma
Lemma 5.1. For r ≥ 3, Im ∂˜ ⊆ Ker D, i.e. D ◦ ∂˜ = 0.
Proof: By elementary calculation, we have
D ◦ ∂˜ = (v ⊗ id) ◦ (id⊗ ∂˜) ◦ ∂˜
= (v ⊗ id) ◦
( ∑
n1 odd,≥3
id⊗ ζm(n1)⊗ ∂n1
)
◦
( ∑
n2 odd,≥3
ζm(n2)⊗ ∂n2
)
= (v ⊗ id) ◦
( ∑
n1,n2 odd,≥3
ζm(n2)⊗ ζ
m(n1)⊗ ∂n1 ◦ ∂n2
)
=
∑
n1,n2 odd,≥3
v(ζm(n2)⊗ ζ
m(n1))⊗ ∂n1 ◦ ∂n2
= 0
The last equality is derived from the definition of v and Proposition 2.2. 
Since A ∼= O(UdR) is the dual space of Ug and the depth filtration on A and
g is compatible, so we have grDr A is the dual space of gr
r
DUg. Since gr
D
r A
odd is
the totally odd part of grDr A, we have gr
D
r A
odd is the dual space of grrDUg modulo
quasi-uneven elements.
Proposition 5.2. If Conjecture 4.1 (non-degenarated conjecture), Conjecture 4.4
(vanishing conjecture) and Conjecture 4.6(surjective conjecture) are true for all r ≥
3, then for each r ≥ 3 there is an exact sequence
0→ grDr A
odd ∂˜−→ grD1 A
odd ⊗ grDr−1A
odd D−→ P
∨
⊗ grDr−2A
odd → 0.
.
Proof: Since grDr A
odd is the totally odd part of grDr A, by taking dual, the injectivity
of ∂˜ follows from the assumption (Conjecture 4.6) that γ˜ is surjective and Proposition
3.1.
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From the surjective conjecture and vanishing conjecture, we know the dimension
of the weight N part of (grrDUg) modulo quasi-uneven elements is equal to the
dimension of the weight N part of the natural image dg1 ⊗ · · · ⊗ dg1︸ ︷︷ ︸
r
in grrDUg. So
from the non-degenerated conjecture, Im ∂˜ = Ker D .
We regard P as a subspace of dg1 ⊗ dg1 via the following map
t : P→ dg1 ⊗ dg1∑
r+s=N
r,s odd,≥3
pr,sx
r−1ys−1 7→
∑
r+s=N
r,s odd,≥3
pr,sσr ⊗ σs
Then by the work of Goncharov [13], we know that
P⊗ dg1 ∩ dg1 ⊗ P = {0}
in dg1 ⊗ dg1 ⊗ dg1.
Denote by Udg1 the universal enveloping algebra of the Lie subalgebra of dg
generated by dg1. Assuming Conjecture 4.1, Conjecture 4.4 and Conjecture 4.6 for
all r ≥ 3, then the dual map D
∨
is essentially the map
D
∨
: P⊗ grr−2D Udg1 → dg1 ⊗ gr
r−1
D Udg1,∑
pr,sx
r−1ys−1 ⊗ b 7→
∑
pr,sσr ⊗ (σs ⊗ b),
and the dual map ∂˜
∨
is essentially the map
∂˜
∨
: dg1 ⊗ gr
r−1
D Udg1 → gr
r
DUdg1,
σr ⊗ c 7→ (σr ⊗ c).
Define
K : P⊗ grr−2D Udg1 → dg1 ⊗ dg1 ⊗ gr
r−2
D Udg1
as
K(
∑
r+s=N
r,s odd,≥3
pr,sx
r−1ys−1 ⊗ d) =
∑
r+s=N
r,s odd,≥3
pr,sσr ⊗ σs ⊗ d.
It’s clear that
D
∨
= (id|dg1 ⊗ ∂˜
∨
) ◦K.
Since K is injective, from the equality Ker ∂˜ = Im D
∨
in depth r − 1 we have
Ker D
∨
= Ker (id|dg1 ⊗ ∂˜
∨
) ∩ Im K
= Im (id|dg1 ⊗D
∨
) ∩ Im K
⊆ (id|dg1 ⊗D
∨
)
(
(P⊗ dg1 ∩ dg1 ⊗ P)⊗ gr
r−3
D Udg1
)
.
So from P⊗ dg1 ∩ dg1 ⊗ P = {0}, we deduce that D
∨
is injective in depth r and D
is surjective in depth r. 
Now we discuss the map D using explicit matrix calculation, we first introduce
some notation from Tasaka [22]. Denote by
SN,r = {(n1, ..., nr) ∈ Zr | n1 + ... + nr = N, n1, ..., nr ≥ 3 : odd}.
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We write −→m = (m1, ..., mr) for short, while
VectN,r = {(an1,...,nr)−→n ∈SN,r | an1,...,nr ∈ Q}.
For a matrix P =
(
p
(
m1, ..., mr
n1, ..., nr
))
−→m∈SN,r
−→n ∈SN,r
, the action of P on a = (am1,...,mr)−→m∈SN,r
means
aP =
 ∑
−→m∈SN,r
am1,...,mrp
(
m1, ..., mr
n1, ..., nr
)
−→n ∈SN,r
Denote by PN,r the Q-vector space spanned by the set
{xn1−11 · · ·x
nr−1
r | (n1, ..., nr) ∈ SN,r}.
Obviously there is an isomorphism
π1 : PN,r −→ VectN,r∑
−→n ∈SN,r
an1,...,nrx
n1−1
1 · · ·x
nr−1
r 7−→ (an1,...,nr)−→n ∈SN,r .
Denote by
WN,r = {p ∈ PN,r | p(x1, ..., xr) = p(x2−x1, x2, x3, ..., xr)−p(x2−x1, x1, x3, ..., xr)}.
For s ≥ 1, define δ
(
a1, ..., as
b1, ..., bs
)
= 1 if (a1, · · · , as) = (b1, · · · , bs), δ
(
a1, · · · , as
b1, · · · , bs
)
= 0
if (a1, · · · , as) 6= (b1, · · · , bs).
From the formula (4.4) in [22], we have
∂˜(ζm(n1, ..., nr)) =
∑
−→m∈SN,r
e
(
m1, ..., mr
n1, ..., nr
)
ζm(m1)⊗ ζ
m(m2, ..., mr).
Where
e
(
m1, ..., mr
n1, ..., nr
)
= δ
(
m1, ..., mr
n1, ..., nr
)
+
r−1∑
i=1
δ
(
m2, ..., mi, mi+2, ..., mr
n1, ..., ni−1, ni+2, ..., nr
)
bm1ni,ni+1,
and the bmn,n′ are defined by
bmn,n′ = (−1)
n
(
m− 1
n− 1
)
+ (−1)n
′−m
(
m− 1
n′ − 1
)
.
The above formula of ∂˜ can be deduced from Proposition 2.2 and the calculation of
Subsection 6.1 in [3].
The matrix E
(r−i)
N,r , i = 1, ..., r − 2 are defined by
E
(r−i)
N,r =
(
δ
(
m1, ..., mi
n1, ..., ni
)
e
(
mi+1, ..., mr
ni+1, ..., nr
))
−→m∈SN,r
−→n ∈SN,r
.
Denote by
CN,r = E
(2)
N,r ·E
(3)
N,r · · ·E
(r−1)
N,r · EN,r
In [22], Tasaka proposed the following conjecture
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Conjecture 5.3. For r ≥ 3, the map
η : WN,r → VN,r
p(x1, ..., xr) 7→ (π1(p(x1, ..., xr))(EN,r − IN,r)
is injective.
Now we will prove Conjecture 5.3 in case r = 3.
Proposition 5.4. The map
η : WN,3 → VN,3
p(x1, x2, x3)→ (π1(p(x1, x2, x3))(EN,3 − IN,3)
is injective.
Proof: If p ∈WN,3 satisfies η(p) = 0, denote
p =
∑
−→m∈SN,3
am1,m2,m3x
m1−1
1 x
m2−1
2 x
m3−1
3 ,
then we have
am1,m2,m3 + am2,m1,m3 = 0∑
−→m∈SN,3
am1,m2,m3
(
δ
(
m3
n3
)
bm1n1,n2 + δ
(
m2
n1
)
bm1n2,n3
)
= 0
∑
−→m∈SN,3
am1,m2,m3
(
δ
(
m1, m2, m3
n1, n2, n3
)
+ δ
(
m3
n3
)
bm1n1,n2
)
= 0.
So
an1,n2,n3 =
∑
−→m∈SN,3
am1,m2,m3δ
(
m1, m2, m3
n1, n2, n3
)
=
∑
−→m∈SN,3
am1,m2,m3δ
(
m2
n1
)
bm1n2,n3.
Since bm1n2,n3 + b
m1
n3,n2
= 0, so an1,n2,n3 + an1,n3,n2 = 0. We identify P ⊗ dg1, dg1 ⊗
dg1 ⊗ dg1 with WN,3, VN,3 respectively in the natural way, then we have
p ∈ P⊗ dg1 ∩ ∧3dg1.
By the main theorem of Goncharov [14], P⊗ dg1 ∩ ∧3dg1 = {0}, so p = 0. 
Now we have
Proposition 5.5. For r = 3, the map D is surjective. For r > 3, if Conjecture 5.3
is true, then D is surjective.
Proof: Since the explicit formula of the map D is
D(ζm(n1)⊗ζ
m(n2, ..., nr)) =
∑
−→m∈SN,r
e
(
m2, ..., mr
n2, ..., nr
)
v(ζm(n1), ζ
m(m2))⊗ζ
m(m3, . . . , mr).
To prove thatD is surjective, it suffices to prove that the following map ξ is injective.
(Be careful that ξ is not the dual map of D, but D is a quotient of the dual map of
ξ in some sense)
ξ :WN,r −→ VectN,r
p(x1, ..., xr) 7−→ (π1(p(x1, ..., xr))E
(r−1)
N,r .
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i.e., we need to prove that π1(WN,r) ∩ ker E
(r−1)
N,r = 0.
Set π1(p) = (an1,...,nr)−→n ∈SN,r for p ∈WN,r, the assumption p ∈WN,r implies
(1)
∑
−→m∈SN,r
(
δ
(
m1, ..., mr
n1, ..., nr
)
+ δ
(
m3, ..., mr
n3, ..., nr
)
bm1n1,n2
)
am1,...,mr = 0.
If (π1(p))E
(r−1)
N,r = 0, we will have
(2)∑
−→m∈SN,r
(
δ
(
m1, ..., mr
n1, ..., nr
)
+
r−1∑
i=2
δ
(
m1, m3, ..., mi, mi+2, ..., mr
n1, n2, ..., ni−1, ni+2, ..., nr
)
bm2ni,ni+1
)
am1,...,mr = 0.
Since (an1,...,nr)−→n ∈SN,r ∈ π1(WN,r) we have
(3) am1,m2,m3,...,mr + am2,m1,m3,...,mr = 0.
From the formulas (1) and (3), we have
(4)
∑
−→m∈SN,r
(
δ
(
m1, ..., mr
n1, ..., nr
)
+ δ
(
m3, ..., mr
n3, ..., nr
)
bm2n2,n1
)
am1,...,mr = 0.
From the formulas (2) and (4) and the fact that bm2n2,n1 + b
m2
n1,n2
= 0, we have
(π1(p))(EN,r − I) = 0.
So by Proposition 5.4 and Conjecture 5.3, the proposition is proved. 
Remark 5.6. Applying the method in [22] we can prove the following result in the
proof of Proposition 5.5 :
Im ξ ⊆ KerE
(r−1)
N,r EN,r.
Using the above result we immediately obtain a second proof of Lemma 5.1 based on
explicit calculation. So the maps we have established provide a geometric explanation
of the results in [22].
6. Further conjecture
Now we consider the general cases. Exactly the same way as the totally odd case,
we can construct the following map
∂˜g : gr
D
r A → gr
D
1 A
odd ⊗ grDr−1A
Dg : gr
D
1 A
odd ⊗ grDr−1A → P
∨
⊗ grDr−2A.
We have ∂˜g |grD
1
Aodd= ∂˜, Dg |grD
1
Aodd⊗grDr−1A
odd= D. This means that ∂˜g and Dg are
the general cases of the map ∂˜ and D respectively.
Proposition 6.1. (i)For r = 3, there is an exact sequence
0→ grD3 A
∂˜g
−→ grD1 A
odd ⊗ grD2 A
Dg
−→ P
∨
⊗ grD1 A → 0
(ii)For r > 3, Im ∂˜g ⊆ Ker Dg. If Conjecture 4.1 is true for all r ≥ 2, then there is
an exact sequence
grDr A
∂˜g
−→ grD1 A
odd ⊗ grDr−1A
Dg
−→ P
∨
⊗ grDr−2A → 0
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Proof: From Theorem 2.6 (b) in [14], we can deduce that there is an exact sequence
0→ P⊗ ls1 → Lie3(ls1)→ ls3 → 0
Since ls1 = dg1 and dg ⊆ ls, we have dg3 = ls3 and the following exact sequence
0→ P⊗ dg1 → Lie3(dg1)→ dg3 → 0
Since A ∼= O(UdR), by taking dual, (i) follows immediately from Proposition 3.1
and the above exact sequence.
For r > 3, assuming Conjecture 4.1, by taking dual it suffices to prove the following
sequence
0→ P⊗ grr−2D Ug
D
∨
g
−−→ dg1 ⊗ gr
r−1
D Ug
∂˜
∨
g
−→ grrDUg
is exact. By Proposition 3.1, ∂˜
∨
g is induced from the following map
g⊗ Ug→ Ug,
a1 ⊗ (a2 ⊗ · · · ⊗ ar) 7→ a1 ⊗ a2 ⊗ · · · ⊗ ar,
and D
∨
g is induced from the following map
P⊗ Ug→ g⊗ g⊗ Ug→ g⊗ Ug,∑
r,s≥3,
odd
pr,sx
r−1
1 x
s−1
2 ⊗ b 7→
∑
r,s≥3,
odd
pr,sσr ⊗ σs ⊗ b 7→
∑
r,s≥3,
odd
pr,sσr ⊗ (σs ⊗ b).
Denote by dgi the depth i elements of dg. Let a ∈ dg1 ⊗ gr
r−1
D Ug. If a ∈ Ker ∂˜
∨
g ,
then by the definition of the depth filtration on Ug, a lift of a in g⊗ Ug should be
the form
a˜ =
∑
{· · · {c˜k1, c˜k2}, · · · , c˜ki} ⊗ d˜ki+1,
where c˜ki ∈ D
mkig, d˜ki+1 ∈ D
r−mk1−···−mkiUg and
{· · · {c˜k1, c˜k2}, · · · , c˜ki} ∈ D
mk1+···+mki+1g.
Be aware that g is viewed as a Lie subalgebra of Ug and g ⊗ Ug is viewed as a
subspace of Ug⊗ Ug.
Denote by cki the image of c˜ki in dgmki and dki+1 the image of d˜ki+1 in
gr
r−mk1−···−mki
D Ug,
then cki must lie in the image of β : Liemki (dg1)→ dgmki . Otherwise
a =
∑
Lie polynomial of {· · · {ck1 , ck2}, · · · , cki} ⊗ dki+1
can’t lie in dg1 ⊗ gr
r−1
D Ug. So if a ∈ Ker ∂˜
∨
g , assuming Conjecture 4.1, we have
a ∈ Im D
∨
g .
We view P as a subspace of dg1⊗ dg1 the same way as in the proof of Proposition
5.2. By the work of Goncharov [13],
P⊗ dg1 ∩ dg1 ⊗ P = {0}
in dg1 ⊗ dg1 ⊗ dg1.
Define
J : P⊗ grr−2D Ug→ dg1 ⊗ dg1 ⊗ gr
r−2
D Ug
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as
J(
∑
r+s=N
r,s odd,≥3
pr,sx
r−1ys−1 ⊗ b) =
∑
r+s=N
r,s odd,≥3
pr,sσr ⊗ σs ⊗ b.
It’s clear that
D
∨
g = (id|dg1 ⊗ ∂˜
∨
g ) ◦ J.
Since J is injective, from the equality Ker ∂˜
∨
g = Im D
∨
g in depth r − 1 we have
Ker D
∨
g = Ker (id|dg1 ⊗ ∂˜
∨
g ) ∩ Im J
= Im (id|dg1 ⊗D
∨
g ) ∩ Im J
⊆ (id|dg1 ⊗D
∨
g )
(
(P⊗ dg1 ∩ dg1 ⊗ P)⊗ grr−3D Ug
)
.
Since
P⊗ dg1 ∩ dg1 ⊗ P = {0},
D
∨
g is injective in depth r, and Dg is surjective in depth r. 
Inspired by Theorem 6.1, we propose the following conjecture.
Conjecture 6.2. For r ≥ 4, there is an exact sequence
0→ P
∨
⊗ grDr−4A → gr
D
r A → gr
D
1 A
odd ⊗ grDr−1A → P
∨
⊗ grDr−2A → 0.
The first map is not clear enough at present. The exceptional elements which are
constructed by Brown in Section 8 [4] should be useful to understand the first map
if they are motivic.
In [6], Brown constructed a map c : P → dg4. The map c should be enough to
give the first map. Unfortunately the explicit formula of c is too complicated. The
author doesn’t know how to deduce the explicit formula of the first map from c.
We have the following theorem
Theorem 6.3. The motivic Broadhurst-Kreimer conjecture follows from the long
exact sequence conjecture.
Proof: For r = 1 it’s clear that∑
N>0
dimQ(gr
D
1 HN)x
N = O(x) + E(x).
From Corollary 8 (parity results) in [16], since the proof of parity results only use
double shuffle relations, we know that grD2 AN = 0 if N is odd. From Theorem 1, 2
in [11], we can deduce that grD2 AN = gr
D
2 A
odd
N for N even by the same reason. The
isomorphism
H ∼= O(UdR)⊗Q[ζm(2)]
implies
grD2 H
∼= grD2 A⊕Q[ζ
m(2)]⊗ grD1 A.
So∑
N>0
dimQ(gr
D
2 HN )x
N =
∑
N>0
dimQ(gr
D
2 AN)x
N +
∑
N>0
dimQ(gr
D
1 AN)x
N ·
1
1− x2
=
∑
N>0
dimQ(gr
D
2 AN)x
N +O(x) · E(x)
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From Theorem 1.3, we have∑
N>0
dimQ(gr
D
2 A
odd
N )x
N −
(∑
N>0
dimQ(gr
D
1 AN)x
N
)2
+
∑
N>0
dimQ(P
∨
N)x
N = 0.
So
(5)
∑
N>0
dimQ(gr
D
2 AN)x
N = O(x)2 − S(x)
∑
N>0
dimQ(gr
D
2 HN )x
N = O(x)2 − S(x) +O(x) · E(x)
In the depth 3 case, we have
grD3 H
∼= grD3 A⊕Q[ζ
m(2)]⊗ grD2 A.
So ∑
N>0
dimQ(gr
D
3 HN)x
N =
∑
N>0
dimQ(gr
D
3 AN)x
N +
∑
N>0
dimQ(gr
D
2 AN)x
N · E(x).
By Proposition 6.1(i), we have∑
N>0
dimQ(gr
D
3 AN)x
N −
(∑
N>0
dimQ(gr
D
1 A
odd
N )x
N
)(∑
N>0
dimQ(gr
D
2 AN)x
N
)
+
(∑
N>0
dimQ(P
∨
N)x
N
)(∑
N>0
dimQ(gr
D
1 A)x
N
)
= 0.
So
(6)
∑
N>0
dimQ(gr
D
3 AN)x
N ) = O(x)3 − 2S(x) ·O(x)
∑
N>0
dimQ(gr
D
3 HN)x
N = O(x)3 − 2O(x) · S(x) + E(x)
(
O(x)2 − S(x)
)
For r ≥ 1, we have
grDr H
∼= grDr A⊕Q[ζ
m(2)]⊗ grDr−1A.
So
(7)
∑
N>0
dimQ(gr
D
r HN)x
N =
∑
N>0
dimQ(gr
D
r AN)x
N +
∑
N>0
dimQ(gr
D
r−1AN)x
N · E(x).
For r ≥ 4, if the long exact sequence conjecture is true, then(∑
N>0
dimQ(P
∨
N)x
N
)(∑
N>0
dimQ(gr
D
r−4AN)x
N
)
−
∑
N>0
dimQ(gr
D
r AN)x
N
+
(∑
N>0
dimQ(gr
D
1 A
odd
N )x
N
)(∑
N>0
dimQ(gr
D
r−1AN)x
N
)
−
(∑
N>0
dimQ(P
∨
N)x
N
)(∑
N>0
dimQ(gr
D
r−2AN)x
N
)
= 0
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So ∑
N>0
dimQ(gr
D
r AN)x
N −O(x) ·
∑
N>0
dimQ(gr
D
r−1AN)x
N
+ S(x) ·
∑
N>0
dimQ(gr
D
r−2AN)x
N − S(x) ·
∑
N>0
dimQ(gr
D
r−4AN)x
N = 0
(8)
From formula (5), (6) and (8), it follows that
(9)
∑
N,r>0
dimQ(gr
D
r AN)x
Nyr =
1
1−O(x)y + S(x)y2 − S(x)y4
.
From formula (7) and (9), it follows that∑
N,r>0
dimQ(gr
D
r HN )x
Nyr =
1 + E(x)
1−O(x)y + S(x)y2 − S(x)y4
.

According to the motivic Broadhurst-Kreimer conjecture, we should have
grDr A
odd $ grDr A
for r ≥ 4. So in order to prove the conjecture 6.2, we need to find the missing
generators which should be related to the first map in conjecture 6.2.
From
H ≃ O(UdR)⊗Q[ζm(2)]
we have A ∼= O(UdR). Since UdR is a pro-unipotent algebraic group, from the long
exact sequence conjecture we should have that
dg = gr•g = ⊕r≥1D
rg/Dr+1g
has generator (ad e0)
2ie1 in depth 1 and generator isomorphic to P in depth 4 and the
only relations between these generators are the period relations between (ad e0)
2ie1.
So from the analysis of section 4 in [10] we know the homology group Hn(dg,Q), n ≥
0 in each weight and depth if the long exact sequence conjecture is true.
We have the following result which may be useful to understand the motivic
Broadhurst-Kreimer conjecture.
Theorem 6.4. If for all r ≥ 4, there is an injective map
j : P
∨
⊗ grDr−4A → gr
D
r A
which satisfies ∂˜g ◦ j = 0 and if Conjecture 4.1 is true, then the long exact sequence
conjecture is true.
Proof: If such a map j existed for r ≥ 4, assuming Conjecture 4.1, from Proposition
6.1(ii) and formula (5), (6), by the same method in the proof of Theorem 6.3 we
have
(1 +
∑
N,r>0
dimQgr
D
r ANx
Nyr)(1−O(x)y + S(x)y2 − S(x)y4) ≥ 1.
The inequality means that the coefficient in the series of the left is not smaller
than the coefficient of the right in each corresponding terms. Furthermore
(1 +
∑
N,r>0
dimQgr
D
r ANx
Nyr)(1−O(x)y + S(x)y2 − S(x)y4) = 1
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if and only if Im j = Ker ∂˜g.
Denote by
f(x, y) = (1 +
∑
N,r>0
dimQgr
D
r ANx
Nyr)(1−O(x)y + S(x)y2 − S(x)y4),
then we have
f(x, 1) = (1 +
∑
N,r>0
dimQgr
D
r ANx
N)(1−O(x))
= (1 +
∑
N>0
dimQANx
N)(1−O(x))
= (1 +
∑
N>0
dimQO(U
dR)Nx
N )(1−O(x))
=
1
1− x3 − x5 − · · · − x2n+1 − · · ·
· (1−O(x))
= 1,
where AN denote the weight N part of A.
Denote
f(x, y) = 1 +
∑
r,s>0
ar,sx
rys
Since f(x, y) ≥ 1 and f(x, 1) = 1, we have
ar,s ≥ 0,
∑
s>0
ar,s = 0, ∀r > 0.
So ∀r, s > 0, ar,s = 0. Then we have f(x, y) = 1. So the long sequence is exact. 
In [3], Brown constructed a complex ((4.1) in [3]) and conjectured that this com-
plex is an exact sequence (Conjecture 1 in [3]). The conjectured exact sequence in [3]
deals with the formal double shuffle equations and linearized double shuffle Lie alge-
bra ls while Conjecture 6.2 deals with motivic multiple zeta values and depth-graded
motivic Lie algebra directly.
7. Totally odd motivic multiple zeta values in depth two and three
7.1. The depth two case. In this subsection we will consider the polynomial rep-
resentation of gr2DUg. We will show that there are no quasi-uneven elements in
gr2DUg. As a corollary we obtain a new proof of the fact that gr
D
2 A
odd = grD2 A
which can be proved by Theorem 1 and Theorem 2 in [11].
By the work of Brown [4], the polynomial representation of gr2DUg is the space of
Q-linear combinations of the following polynomials:
(y1 − y0)
2m1(y2 − y0)
2m2 + (y2 − y1)
2m1(y1 − y0)
2m2 − (y2 − y1)
2m1(y2 − y0)
2m2 .
(Hint: Using the formula in subsection 4.2 to calculate (y1−y0)
2m1◦(y1−y0)
2m2 , m1, m2 ≥
1.)
Now we have
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Proposition 7.1. For N ≥ 6, denote by VN the Q-vector space which is spanned
by the following polynomials:
(y1− y0)
m1−1(y2− y0)
m2−1+(y2− y1)
m1−1(y1− y0)
m2−1− (y2− y1)
m1−1(y2− y0)
m2−1,
where m1 +m2 = N,m1, m2 odd,≥ 3. Then there are no quasi-uneven elements in
VN .
By definition, Proposition 7.1 is equivalent to the following proposition:
Proposition 7.2. For N ≥ 6, denote by WN the Q-vector space which is spanned
by the following elements
ym1−11 y
m2−1
2 + (y2 − y1)
m1−1(ym2−11 − y
m2−1
2 ), m1 +m2 = N,m1, m2 ≥ 3, odd.
If f ∈ WN and the coefficients of y
n1−1
1 y
n2−1
2 , n1, n2 ≥ 3, odd in f are all zero, then
f = 0.
Proof: Denote by
f =
∑
−→m∈SN,2
pm1,m2 [y
m1−1
1 y
m2−1
2 + (y2 − y1)
m1−1(ym2−11 − y
m2−1
2 )]
and
p =
∑
−→m∈SN,2
pm1,m2y
m1−1
1 y
m2−1
2 ,
then
f(y1, y2) = p(y1, y2) + p(y2 − y1, y1)− p(y2 − y1, y2).
By explicit calculation, the totally even part of
ym1−11 y
m2−1
2 + (y2 − y1)
m1−1(ym2−11 − y
m2−1
2 )
is ∑
−→n ∈SN,2
e
(
m1, m2
n1, n2
)
yn1−11 y
n2−1
2
If the coefficients of yn1−11 y
n2−1
2 , n1, n2 ≥ 3, odd in f are all zero, then we have
π1(p) ∈ Ker EN,2. Since π1(WN,2) = Ker EN,2 (main results in Baumard, Schneps [1]
which is reproved in Tasaka [22]), we deduce that p is an even restricted period poly-
nomial, i.e. f = 0. 
From Proposition 7.1 we know that there are no quasi-uneven elements in gr2DUg.
As a corollary we have:
Corollary 7.1. gr2DA
odd = gr2DA.
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7.2. The depth three case. By Theorem 2.6 in Goncharov [13], the natural map
β : Lien(dg1) → dgn is surjective for n = 3. So in Uh, gr
3
DUg is generated by
elements of the form
(ad e0)
2n1e1 ⊗ (ad e0)
2n2e1 ⊗ (ad e0)
2n3e1.
By the definition of ◦ we have
γ((ad e0)
2n1e1 ⊗ (ad e0)
2n2e1 ⊗ (ad e0)
2n3e1)
= (ad e0)
2n1e1 ◦ (ad e0)
2n2e1 ◦ (ad e0)
2n3e1
= (ad e0)
2n1e1 ◦
(
(ad e0)
2n2e1 ◦ (ad e0)
2n3e1
)
By Proposition 2.2, Subsection 6.1 in [4] and Proposition 3.1 in Section 3, the
polynomial representation of (ad e0)
2n1e1 ◦ ((ad e0)
2n2e1 ◦ (ad e0)
2n3e1) is
(y1 − y0)
2m1 [(y2 − y0)
2m2(y3 − y0)
2m3 + (y3 − y2)
2m2(y2 − y0)
2m3
− (y3 − y2)
2m2(y3 − y0)
2m3 ]
+ (y2 − y1)
2m1 [(y1 − y0)
2m2(y3 − y0)
2m3 + (y3 − y1)
2m2(y1 − y0)
2m3
− (y3 − y1)
2m2(y3 − y0)
2m3 ]
+ (y3 − y2)
2m1 [(y1 − y0)
2m2(y2 − y0)
2m3 + (y2 − y1)
2m2(y1 − y0)
2m3
− (y2 − y1)
2m2(y2 − y0)
2m3 ]
− (y2 − y1)
2m1 [(y2 − y0)
2m2(y3 − y0)
2m3 + (y3 − y2)
2m2(y2 − y0)
2m3
− (y3 − y2)
2m2(y3 − y0)
2m3 ]
− (y3 − y2)
2m1 [(y1 − y0)
2m2(y3 − y0)
2m3 + (y3 − y1)
2m2(y1 − y0)
2m3
− (y3 − y1)
2m2(y3 − y0)
2m3 ]
In the above polynomial, the part which correspond to ym1−11 y
m2−1
2 y
m3−1
3 , ni,≥
3, odd, 1 ≤ i ≤ 3 is ∑
−→n∈SN,3
c
(
m1, m2, m3
n1, n2, n3
)
yn1−11 y
n2−1
2 y
n3−1
3 .
Where
CN,3 =
(
c
(
m1, m2, m3
n1, n2, n3
))
−→m∈SN,3
−→n∈SN,3
= E
(2)
N,3 · EN,3.
Denote by (gr3DUg)N the weight N part of gr
3
DUg, by Proposition 6.1(i), we have∑
N>0
dimQ(gr
3
DUg)Nx
N = O(x)3 − 2O(x)S(x).
So we have grD3 A
odd = grD3 A ⇔ there are no quasi-uneven elements in gr
3
DUg⇔∑
N>0 rank CN,3x
N = O(x)3 − 2O(x)S(x).
By the proof of Proposition 5.5 and the results of Tasaka, we know the map
ξ :WN,3 −→ VectN,3
p(x1, x2, x3) 7−→ (π1(p(x1, x2, x3))E
(2)
N,3
24 JIANGTAO LI
satisfies Im ξ ⊆ Ker EN,3. By Goncharov’s theorem P ⊗ dg1 ∩ ∧3dg1 = 0, ξ is
injective. So ξ induces an injective map
ξ˜ :WN,3 −→ Ker EN,3
p(x1, x2, x3) 7−→ (π1(p(x1, x2, x3))E
(2)
N,3.
The following conjecture is due to Tasaka.
Conjecture 7.3. ξ˜ is isomorphic.
Now we have
Proposition 7.4. If Conjecture 7.3 is true, then grD3 A
odd = grD3 A.
Proof: Since CN,3 = E
(2)
N,3 · EN,3, so
Ker CN,3 = Ker E
(2)
N,3 ⊕ Im E
(2)
N,3 ∩Ker EN,3.
If ξ˜ is isomorphic, we will have Ker EN,3 ⊆ Im E
(2)
N,3 and Ker EN,3
∼= WN,3. So
Ker CN,3 = Ker E
(2)
N,3 ⊕WN,3
and ∑
N>0
rank CN,3x
N = O(x)3 − 2O(x)S(x).
From the above formula we have grD3 A
odd = grD3 A. 
Remark 7.5. The proof of the injectivity of ξ is indirect and based on the result
P⊗ dg1 ∩ ∧3dg1 = 0. A direct proof of the injectivity of ξ should be useful to tackle
Conjecture 7.3.
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